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0. INTRODUCTION 
In an unpublished paper, Milnor [3] proposes a definition of a functor K, 
from the category of rings to Abelian groups, and establishes a number of its 
properties (see [7] for a published account of these researches; I shall follow 
the notation of [7]). If R is a ring (associative, with unit), there is an exact 
sequence 
1 + “K,(R, Z)” -+ St(R) -+ GL(R) -+ K,(R) + 1 
and if I is a two-sided ideal in R, an exact sequence 
1 -+ “K,(R, Z)” 3 K,(R) -+ K,(R/Z) --f K,(R, I) + ... + K,(R) + K,(R/Z). 
(0.1) 
Milnor notes that the term “K,(R, 1)” is suspicious, since the injectivity on 
the left in (0.1) would preclude higher K-groups. 
On the other hand, recall that 
St(R) = gp(x&), r E R, i, j > 0 I i # j, 
1) X&) X@(S) = X& + s); 
2) L%(r), %&)I = 1, i+j#k#l#i; 
3) L%(r), %k(41 = %cw i#j#k#i); 
and there is an epimorphism 
p : St(R) + E(R) 
such that v(xij(r)) = E,,(r). The relations (l), (2), (3) are called the Steinberg 
relations and are valid in E(R) < GL(R) for any ring R. It is an open question 
whether any relation among the generators E&) valid for all rings is a 
consequence of the Steinberg relations. If there were other universally valid 
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relations, one would certainly want to factor the Steinberg group St(R) 
by them. 
I should like to make this last problem precise. Let X be a countable set 
and let LX be the free associative ring (without unit) generated by X. Note 
that LX may be considered as the augmentation ideal ker(L’X + Z) where 
L’X is the free associative algebra (with unit) on set X (viz., the tensor algebra 
over Z of Z[x], the free Abelian group on set X). Let G be the free group on 
symbols Xii(p); i, j > 0, p E LX C L’X. Then there is a commutative 
diagram 
G IL l St(L’X) 
E(L’X) 
where #(-%( P>> = %d P) 
ICI,(%(P) = -UP). 
PROBLEM. Suppose w E G and #rw = 1, then is #w = 1 ? Equivalently, 
is ker $ = ker I,$ ? 
My point of view in this paper is to proceed formally as if one knew all the 
universal relations in E(R), viz., ker #i , and deduce a “homotopy theory” 
of rings, the group ~a of which is the candidate for Ks . Milnor’s K, will 
turn out to be an upper bound on rrO . In the case of a commutative Banach 
algebra d over R, I shall establish a lower bound for 7~~ in terms of the 
homotopy of the special linear group SL(A). 
1. THE GROUP COMPLEX AND HOMOTOPY GROUPS 
Let GY denote the category of (associative) rings (without unit) whose 
morphisms are ring homomorphisms. There is a pair of adjoint functors: 
where 0 : CY ---f Set associates to a ring R its underlying set, and L : Set + Q? 
associates to a set X the free ring LX (without unit) on set X. Call F = 
LO : 02 -+ 0& so FR is the free ring on the underlying set of R. For con- 
venience, I shall denote the free generator of FR corresponding to Y E R 
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by ] Y I. Then (following [4]) there are morphisms F = LO &I,, and 
I : Iset + OL giving rise to a morphism p : F --f F2, 
/J, =LcO :F =LO+L(OL)L =F2. 
Explicitly, cR : FR -+ R is defined on the free generator 1 Y 1 by l s(] Y I) = r, 
and pR : FR --f F2R is defined on the free generator 1 Y 1 by I Y I --t [I Y II. 
Then the following diagrams of morphisms are commutative. 
F --J-+FZ 
I 
v 
FG 
F 
F ‘“F2 
I 
v 
EF 
F 
1.1 
F U~Fa 
1 
!J 
1 
FU 
F2 UF ,$‘3 
This situation (F, E, p) of endomorphism F : GZ -+ r!Z and morphisms E, 
p satisfying 1.1 is called a cotriple [4] in CL 
From the cotriple (F, E, p) one constructs an augmented semisimplicial 
complex F, = (Fi , i >, -l}, Fi = Fi+l, F-, = I with face operators 
defined by ci = Fi E Fn-i and degeneracies 
defined by tag = F$AF”-~. 
LEMMA 1.2. F, is a functor from (2 to semisimplicial complexes in m 
iff : R -+ S is a surjective ring homomorphism, then so is Fi(f) : F,(R) -+ F,(S), 
ON THE FUNCTOR K,, I 215 
i > - 1. Suppose now that F : UZ ---f Gp is a functor from ti into the category 
of groups. Then composition with Ggives a functor 
GF, : Q! + S+(Gp) 
where S+( Gp) is the category of augmented semisimplicial complexes in the category 
of groups. One observes that the complex GF,R satisJies the extension condition 
[2, Theorem 17.11, and the homotopy groups of the augmented complex may be 
computed by 
dGF*R) = oGp-)n ker G(Q)/ GF,R/G(E,+~ ( (‘) 
O<i<‘n 
ker G(4l GF,+,R). 
Observe that mi is Abelian for i > 1 and that 
ker G(E) : GF(R) -+ G(R) 
n”(GF*R) = G(e,)(ker G(a,) : GF2(R) -+ GF(R)) ’ 
THEOREM 1.3. Suppose that G : 02 + Gp satis$es the condition CHP: 
If f : R --+ S is a surjective homomorphism of rings, then G(f) : G(R) -+ G(S) is 
surjective. Then there is an exact sequence of augmented semisimplicial group 
complexes 
l-N----+ GF,(R) = GF,(S) - 1 1.4 
and an exact homotopy sequence 
... -+ n-,(N) + a,(GF.+(R)) - rr,(GF*(S)) - rr,&V) - 1.. 
- no(GFdR)) - ~o(GFdW 
Proof. Recall [2, Lemma 18.21 which states that GF,(f) is a Kan fibration. 
The derivation of the exact homotopy sequence is standard [2, Theorem 7.61. 
2. THE FUNCTOR E’ AND THE GROUPS Ki, 
Suppose now that R is an object of a. Let R+ denote the ring with unit 
2 @ R where the multiplication is given by (n, r) 1 (m, s) = (nm, mr + ns + rs). 
For convenience, identify R with the ideal ((0, r), r E R} of Rf and denote 
(1,O) by 01, so R+ is an augmented Z-algebra, augmentation ideal R and unit 0~. 
Clearly, R + R+ defines a functor 02 -+ (rings with unit) which is a left 
adjoint for the forgetful functor (rings with unit) -+ GY. If R is a ring with 
unit, denote by v the canonical homomorphism Rf + R : v(n, r) = n . 1 + r. 
If now R E obj GY, define E’(R) to be the subgroup of GL(R+) generated by 
all Eij(r), r E R C R+. Thus E&r) has 01’s along the diagonal and one off- 
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diagonal entry Y in the augmentation ideal. E’ is clearly a functor O?+ Gp. 
The following relationship may be useful in exploiting the connection 
between E’ and GL. 
PROPOSITION 2.1. Let R = LX be the free ring (without unit) on set X and 
let Z{X} be the free ring with unit on X, so LX C 2(X} is the augmentation ideal 
(kernel of homomorphism Z{X} -+ 2, the “constant term”). 
Then GL(Z{X}, LX), the invertible matrices congruent o 1 module the ideal 
LX, is exactly E’(LX)GL(Z), the subgroup of GL(Z{X}) generated by all aba-l, 
a E GL(Z) and b E E’(LX). 
Proof. It is obvious that 
E’(LX)GL’z’ C GL(Z{X}, LX). 
Conversely, let M E GL(Z(X}, LX). E xamining the proof of [l, Lemma 11, 
one sees that there are matrices A, B in E’(LX) such that 
AMB=l+MIxI+...+M,x,, 
where Mi are integer matrices and xi are distinct elements of X. The proof 
of [l, Theorem l] shows that there is a matrix C E GL(Z) such that 
CAMBC-1 = D 
where D E E’(LX). Thus, 
M = A-l(C-lDC) B-l E E’(LX)GL’Z’. 
In the case R is a ring with unit, the following proposition makes clear the 
role of E’(R). 
PROPOSITION 2.2. If R has a unit, then the canonical map Y : R+ + R 
induces an isomorphism E’(R) 2 E(R). 
Proof. v induces a homomorphism GL(R+) --t GL(R) which clearly takes 
E’(R) into E(R), inducing the required vi : E’(R) + E(R). I shall define an 
inverse for v1 . Recall that the unit of Rf is called OL and that of R is called 1. 
LEMMA 2.3. Suppose that a product (in indicated order) I-I;=1 Eiaj,(r,,) = 1 
in E(R). Then the corresponding product P is 1 in E’(R) (where EiWi,(rka) E E’(R) 
has a = (1, 0) on the diagonaE and rk, = (0, rka) in the i, , j, entry). 
Proof. Each Eiaj,(rk ) E E’(R), a > 2, may be regarded as an elementary 
column operation appliid in succession to EiIi,(rk,). Since rlc E R, the aug- 
mentation ideal of R+, all off-diagonal entries of the product ? lie in R C R+ 
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and all the diagonal entries are of the form 01+ r, r E R. Since the product 
in E(R) is 1, all off-diagonal entries are zero, and since P ++ 1 under or , 
a+rt-+l =v(ol)underv.Thusr=OandP=l. 
The lemma enables one to define homomorphism 5 : E(R) -+ E’(R) by 
sending &(r) to the matrix with 01 on the diagonal and T = (0, r) E R+ in 
the ij entry. Clearly 5 is a two sided inverse for or and the proposition is 
established. I shall frequently identify E’(R) with E(R) in the sequel when R 
has a unit. 
Observe that the functor E’ : GZ + gp satisfies CHP; that is, given a 
surjective homomorphism f : R ---f S, it follows that E’(f) : E’(R) -+ E’(S) 
is surjective. 
DEFINITION 2.4. K,+,(R) = ?ri(E%,(R)), R E obj a, i 3 0. If f : R -+ S 
is a surjective homomorphism with kernel I and N = ker E%,(f) : E%,(R) ---f 
E%,(S), then K,+,(R, I) = n&V), i 3 0 (recall that N is an augmented 
semisimplicial group complex). 
COROLLARY 2.5. In the situation of 2.4, there is a long exact sequence 
... - K,(R, I) + K,(R) -+ K,(S) - K,&R, I) - ... - K,(R) - K,(S). 
Thegroups K,(R), K,(R, I) are Abelian if i > 3. 
3. RELATION WITH MXLNOR'S K, AND QUESTION OF COMMUTATIVITY OF K, 
Most of the results of this section are straightforward modifications of 
results of Milnor [3], and consequently I shall be brief in the exposition. 
DEFINITION 3.1. Let R E obj Q!, I an ideal in R. Let St(R) be the quotient 
of the free group with free generators zij(r), i # j; i, j 3 1, r E R by the 
normal subgroup generated by all elements of the form 
(1) &(T) XJS) A+& + s)-1; r, s E R, 
(4 bw>> z&n ifjfkflfi, 
(3) r&(r), %&)I Kc(W, ifjfkfi. 
Denote the generator of St(R) corresponding to x&r) by Q(T). Let St(R, I) 
be the normal closure in St(R) of th e subgroup generated by X&Y), Y E I. 
Let E’(R, 1) be the normal closure in E’(R) of the subgroup generated by 
J&(r), Y ~1, and 
‘p : St(R, I) -+ E’(R, I) 
481117/2-5 
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be defined by v(Xii(r)) = &(r); so v is a surjective homomorphism. Finally, 
define Ks’(R, I) = Ker (p, so we have an exact sequence 
1 - K,‘(R, I) - St(R, I) 0, E’(R, I) - 1. 3.2 
Note that if I = R, then St(R, I) = St(R) and E’(R, I) = E’(R). Also, if R 
has a unit, St(R) is the group St(R) of Milnor, E’(R) = E(R) by 2.2, and 
ker v is exactly Milnor’s K, . Finally, so as not to confuse my groups K, 
with Milnor’s, I shall set K,‘(R) = K,‘(R, R) in this last case. 
THEOREM 3.3. If R’J = R, then in 3.2, K,‘(R, I) is in the center of St(R), 
and is a for&i Abelian. In particular, if R has a unit, K,‘(R, I) is Abelian. 
Proof. (Following Milnor [3, p. 351). K,‘(R, I) < K,‘(R) so it suffices to 
show that if v(y) = 1, y E St(R), then y commutes with all generators 
xi,(r) of St(R). Choose an integer n large enough so that y can be expressed 
as a word in the generators xii(y) where i < 7t and j < n. Let P, denote the 
subgroup of St(R) generated by {xJT), x2&),..., ~,-r,~(r); r E R}. This 
group is commutative by relation 2 in 3.1. 
LEMMA (Milnor [3, Lemma 4.21. Each element of P,, can be written uniquely 
as a product 
Xl&l) X2n(T2b-9 %l-l&n-l)- 
Hence the canonical homomorphism cp maps P,, isomorphically onto a correspond- 
ing subgroup of E’(R). 
Next, Milnor notes that 
Xii(Y) P,x&)-’ c P, for i,j<n. 
This implies that yP,, y-l C P,, and finally that y commutes with P,, . Thus 
y commutes with every generator x&), k < n. Analogously, y commutes with 
all x,~(T), 1 < It. Now, if R2 = R, given r E R, 
Then 
Y = tl sib, ; aj , bi E R. 
x&) = fi xx&z&) = fi [x&a& ~,&)I, k f I; k, 1 < 12. 
i=l id 
Since y commutes with each term in the last expression, it follows that y commutes 
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with xlcL(r); k # 1; k, 1 < n; r E R. Since n can be arbitrarily large, it follows 
that y is in the center of St(R). 
The next goal is to discuss the relationship between K,‘(R) and K,(R). 
THEOREM 3.4. There is a canonical surjection K,‘(R) -+ K,(R). Inpartic- 
ular, if R2 = R, then K,(R) is Abelian. 
Proof. Let G, be the free group on free generators g&r), r E R. Then 
define a homomorphism B : G, -+ E%,,(R) = E%(R) by E+!&(r)) = I&([ r I). 
Then the following diagram of group homomorphisms is commutative: 
x&r) E G, a E’Fo(R) - 
-1 I 1 
E’(F) 
xij(r) E St(R) 0, E’FJR) = E’(R) 
and 2 is surjective (seen by observing that &(I r I) generate E%(R)). I shall 
show that if w E GR is a word of type (l), (2), or (3) in 3.1, then E(w) E E’(Q) 
(ker E’(Q) I E%,(R)). Th is is already clear for a relation of type (2), since if 
w = L&i(r), -&&>I~ i#j#k#l#i, 
then C%(W) = 1. 
LEMMA 3.5. If x EFI(R) = F,(R) is such that C(X) = 0, then there exists 
y EF~R such that E,,(Y) = 0, E~( y) = x. 
Proof. Observe that I x I eF2(R) satisfies 
%(I x I) = x> %(I x I> = I 0 I- 
Let y’ = 2 /I 0 11 - j 2 10 11 eF2(R). Then 
Eg y’ = 0, Ely’= 101. 
Finally, y = 1 x I - y’ has the desired properties. 
Now apply Lemma 3.5 to 
x1 = lrl+ Isl- Ir+sl 
and 
x2=IrIIsI--lrsI. 
This implies that 
&(I r I + I s I) = &(I r + s I) mod 4ker d 
and 
I&( 1 r I I s I) = I&( I rs I) mod l ,(ker es). 
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Thus, if wr = &(r) &(s) X,(r + s)-l 
WQ = [&(r), A+&)] X&-l, iZj#k#i, 
then B(w,) = 1 = a(~,) mod l ,(ker Q). Thus in the diagram 
G 
d : t E%(R) 
J 
E’F(R)/e,(ker E,,) E’(4 
1 
Y 
$1’ 
/’ 
St(R) m ’ E’(R) 
there is a unique homomorphism 4’ : St(R) + E’F(R)/c,(ker l s) making the 
diagram commutative, and #’ is surjective. Note that ker p = K,(R). Con- 
sider now the following diagram with exact columns 
1 1 
1 1 
K,‘(R) ----z”---4&(R) 
1 
w 
I 
St(R) ” t+ E’F(R)/c,(ker E,,) 
1 1 
It follows that the induced homomorphism #s : K,‘(R) -+ K,(R) is 
surjective. This completes the proof of 3.4. 
4. INTERPRETATION 0~ K, BY “UNIVERSAL RELATIONS"~ 
As in the introduction, let X be a countably infinite set and let LX be the 
free ring on X without unit. Let G be the free group freely generated by 
&(p); i # j; i, j > 1; p EL(X). Then there is a homomorphism 
y:G d EL(X), 
-%(P) * J%(P)- 
l See Swan, Ref. [6’j. 
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Let r = ker y. Then r may be considered the “universal relations” for E’. 
Let R E obj 02 and G, be as in the proof of 3.4. Recall that O(R) denotes the 
underlying set of R. Each set mapf : X + O(R) determines a homomorphism 
f,:G+GR 
where L(f) : LX -+ LOR = FR and Ed : FR --+ R. Then r determines the 
subset f*(F) C G, . Finally, let rR = Uf:X+O(R)f*(r). 
Remarks. The following remarks are straightforward observations. 
4.1. r a G. 
4.2. If g E G, and f : X -+ O(R), then g *f,(r) * g-l C r, . This implies 
4.3. grRg-l c r,. 
4.4. r, 4 G, . By 4.3 it suffices to prove that I’, is a subgroup. 
Let g, g’ E r,; g = f+w; g’ = f.+‘w’; w, w’ E r. Since g, g’ are finite words in 
the generators &(r) and X is infinite, we may assure f ‘, w’ are chosen such 
that the variables x E X occurring in w’ are disjoint from the variables 
occurring in w. It is now easy to choose fN : X + O(R) such that f ;(w * w’) = 
g . L?. 
Implicit in the argument of 4.4 is the following property of I’. Let f : X - X 
be any map of X to itself, so f induces f” : G - G- (f-(&(P)) = &(L(f )M)). 
Then f(r) C I’. This follows by examination of the commutative diagram 
1---+r----+G---+ E’L(X) 
> 
-1 I 
i 
1 
E’L(f) 
I-+r-+G ----+ E’L(X) 
4.5. r, contains the Steinberg relations of 3.1. Hence GR/rR is a 
quotient of St(R). We denote this quotient by St’(R). 
4.6. If + : G, + E’(R) is given by 
Xij(T) t-L EJY), 
then r, C ker +. 
Proof. Let g E r, , f : X -+ O(R) and w E r be such that g = f.p. 
Consider the commutative diagram 
i----d - G ----f E’L(X) 
1 f* -1 
E’(CR’L(f)) 
G, -% E’(R) 
It follows that e(g) = 1. 
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Consequently, in the diagram 
GR ’ :t E’(R) 
i 
I3 
/d 
CR/I’, = St’(R) 
there is a unique factorization I$ : St’(R) + E’(R). 
4.7.DEFINITION . Let K;(R) = ker v’, so there is an exact sequence 
1 ----+ K,“(R) - St’(R) & E’(R) - 1. 
4.8. THEOREM. If R2 = R, then K,“(R) is central in St’(R). Moreover, 
if R has a unit, then K;(R) is precisely the center of St’(R). 
The proof is a rewording of 3.3 and will be omitted. The last statement of 
4.8 follows from an argument of [3, p. 351. 
The plan for the remainder of this section is to define a morphism 
and to establish this morphism as an isomorphism. 
To begin with, we define a map 
$:G,+E’FR (= E%J?) 
by 
&(4 d+ Edl y I). 
(As observed in the proof of 3.4,1,6 is surjective.) 
Suppose now g E I’, , g = f*w, w E r, f : X -+ OR. Observe that w has 
the form 
and p, E LX a polynomial in noncommuting indeterminates with no constant 
term. Then 
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Consider now in E1F2R the element 
Clearly, EI(er)(z) = q(g). I 1 c aim that in addition, E’(Q)(Z) = 1. For define 
a map fi : X -+ 0150(R) by fi(x) = 1 f(x)]. From the commutative diagram 
w-w 
1-r--+ G - El(X) 
1 
f I* 
1 
E’kFR’L(f1)) 
G FR -.fkL E’(FR) 
one deduces that E’(Q)(Z) = &afi*(w) = 1. Thus J(g) E E’(E,)(ker E’(Q)), 
g E rR . It follows that in the diagram 
1 1 
CR/I’, = St’(R) - - - - - - - - + E’FR/E’(r,)(ker E’(E,)) 
there is a factorization I,,$ which is surjective. Furthermore, from the commu- 
tative diagram with exact columns 
1 1 
1 1 
K”(R) - K,(R) 
1 1 
St’(R) ’ + E’F(R)/E’(eJ(ker E’E,,) 
1 
rp’ 
1 
E’(R) ’ t E’(R) 
1 1 
1 1 
it is clear that # induces a surjection K,“(R) + K,(R). 
THEOREM 4.9. The map + above is an isomorphism. Consequently, 9 induces 
an &morphism K:(R) z K,(R). 
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Proof. If g E G, and q(g) E E’(e,)(ker E’(Q)), I must show that g E I’, . 
One can assume then that g = nIa xi,j,(r,)fa and that g(g) = E’(e,)(z), where 
and r,,x = 1. (Thus p&i ,..., r,) = Y, .) Actually it is necessary to change g 
by an element of rR to achieve precisely this situation, but I assume brevitatis 
gratis this has been done. 
Consider now w E G, w = nil xiiai,(p,(xl ,..., xn)p. Take f : X + O(R) 
such that f (xi) = ri , 1 < i < n. Then f*w = g and w E r. 
5. THE RELATIVE GROUP &(I?, I) AND THE QUESTION 
OF COMMUTATIVITY FOR R WITH UNIT 
There is clearly a need for discussion of K,(R, I) if I is an ideal of R, for 
in 2.5 all groups are already known to be Abelian if R has a unit except for 
K,(R, I). In addition it was the fact that “K,(R, 1)” in 0.1 was suspicious that 
led to a reformulation of K, . Hence I offer the present section to solve this 
problem. To establish notation, R is a ring with unit and I is a two-sided 
ideal. From 1.3 applied to the functor E’, we have an exact sequence of 
augmented semisimplicial group complexes 
l-N- E%,(R) E’F*(rr)t E%,(R/I) - 1, 
where 7r : R --+ R/I is the projection. I shall call ai the faces of N. Then in 
low dimension one has a diagram with exact rows 
1 - Nr - EF2R i?‘i=%) + E’F2(R/I) - 1 
a0 
1 i 
4 E’(Q) 
1 -1 
E’k,) 
1 1 
1 - N, ------+ E’FR E’F(x) + E%(R/I) -----+ 1 
I 
a0 
1 
E’(Q) E’(Q) 
1 
1 -----f N-, -E’R “M z- E’(R/I)----+ 1 
I begin with a discussion of the kernel / of F(m) : FR -+ F(R/I). 
LEMMA 5.1. J is the ideal J1 generated by all 1 r ) - 1 s 1 where r - s E I. 
Proof. Note first that J1 _C J. F(r) is a homomorphism of graded rings 
so it suffices to consider an element p E J homogeneous of degree n. Proceed 
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by induction on n, observing that case n = 0 is trivial. p may be uniquely 
expressed as 
where pi , qi ,... are homogeneous of degree n - 1, the yi , si ,... are distinct, 
and y1 = r2 = ... = ya + s1 = s2 = ... = sb + ... modI. Then 
P = (PI + *.* + Pd Yl I + P2(l y2 I - I Yl I) + ... + Pd ya I - I Yl I) 
+ (41 + ‘.’ + !?b)l s1 I + "' * 
Thus P = (PI + ... + &)I y1 1 -I- (ql + ... + qb)l s1 l + ... mod Ji where 
Yl + Sl + ... mod I. But p E ker F(n) implies that 
P, + ... +p,EkerF(n) 
and 
41 + ..* + qb E kerF(v); 
these expressions are homogeneous of degree n - I. 
LEMMA 5.2. NO = ker E%(v) : E%(R) + E’F(R/I) is the normal closure 
(in E%(R)) ofgp(Eij( I Y I - / s I), r = s mod Z). 
Proof. If N,,’ is the normal closure in E%(R) ofgp(&( I Y I- / s I); Y - s E I), 
then clearly N,’ C N,, . 
The relation / Y / N I s I o Y - s E I is an equivalence relation on the 
monomials I Y I of degree 1 of F(R). Choose one representative from each 
equivalence class, say { / X, /, s E S}. Note that F(R/I) is the free ring on free 
generators I nxx, 1 = F(n) I x, 1, s E S. 
Let M E N,, and write M as a word in the Eij( / Y l)*l, Y E R. If Y = X, mod I 
(s E S), replace Eij(j Y I) by &(I Y 1 - / x, 1) . &(I X, I). Then a routine 
manipulation shows that M has the form 
and 
M=A.B, where A E NO’ 
B = a product of &(I x, I)*i, 
Then applying E%(r), one sees that 
E%(n)(B) = 1. 
s E s. 
But the I TX, 1, s E S are free generators for a free ring and consequently 
B = 1. 
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Let G, be as before: GR = free gp(.&(r), r E R) and let Pij(r, S) = 
2ii(y) xii(s)-’ if r - s E I. Let GR,I be the normal closure in G, of the sub- 
group generated by all pij(r, s). Let 1,8 : GR + E%(R) be given by 
Then$ induces a homomorphism$,,I : G,#, + NO which is surjective by 5.2. 
LEMMA 5.3. The following elements of GR,, are mapped by qRBI into 
a,(ker a,), where NI B1’ao ----+ N,, are the face opuations. 
(1) Pij(r, S) P$j(r', S') Pij(r + Y', S + S')-l, 
(2) Pij(y, s, pij(s, t, Pij(r, t)-l, 
(3) E%(r), L<s, t)l, ifjfkflfi, 
(4) [Tij(r), pj7c(s, t)] pik(rs~ rt)-19 ifjfkfi, 
(5) [pij(s, t)9 xjk(r)] Pik(sr~ tr)-l, ifjfkfi, 
(6) [q, g] where 4 is a Steinberg relator (see 3.1) in G, and g E GR,I. 
The proof is omitted, but as an example of the technique, let 
g = [xij(ii(r), pjk(s9 t)] pi7c(ys~ rt)-l* 
Then 
$i?.I(g) = [&(I y I), EiK(I s I - I t I)1 Gc(l rs I - I rt I)-’ 
= hc(I r I I s I - I 9. I I t I - I 7s I + I rt I>. 
To complete the proof in this case, it suffices to show that 
x = 1 I I I s I - / r 1 [ t 1 - 1 YS 1 + 1 rt [ is in l ,(ker e,,) n kerF(rr) C F(R). 
Let 
y = II y II II s II - II r II II t II - II TS II + II rt II - I I 7 I I s I - I 7s I I 
+ I I+1 ItI - Irtl I. 
Then 
%4(Y) = 0, 
“OY = 0, 
and 
Ely = x. 
Let St’(R, I) = G,,I/H where His the normal closure of the relators in 5.3. 
$R,I factors to give an epimorphism 
* Jz.1 : St’(R 1) ---++ No/ao(ker a,). 
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Denote the “image” of Pii(r, s), &(Y) in St’(R, I) by yij(y, s), Q(Y) (an 
abuse of notation since T&(Y) is not in St’@, I)). Then we have the observa- 
tions: 
5.4. y&, s) = 1. (from 5.3, (2)). 
5.5. Yij(Y, s) = yg(Y - s, 0) (from 5.3, (1)). 
5.6. [yu(y, O), yik, 011 = Y&, 0); ifjfkfi. 
[Y&Y, 0), ykel(s, 0)] = 1; i # j # k f 2 # i [from Lemma 5.3, (4) and (611. 
Abbreviate yij(r, O)(Y E I) by yij(y). Next we define a homomorphism 
63 : G, -+ E%(R) 
by -&i(y) ++ E,j(I y I - I 0 I). 
LEMMA 5.7. If g E GRsI, then 
$,&) = 4g), mod 4&r 4,). 
Proof. g has the form 
where 
Thus, 
where 
Let z E EFR be given by 
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Then one verifies that 
E’IyTr)(z) = 1 (since 9rr, = q), 
~‘k&) = 4d, 
and 
E’wc4 = dL,1(d* 
Thus iii and GRsI induce the same homomorphism GR,I -+ iV,,/a, ker 8, . 
Let Pij(r) = A!&) X&-r, r E R. Let G,’ be the subgroup of G, generated 
by all P&), and let Gk,, be the normal closure in GR’ of the subgroup 
generated by all pij(r) = Pii(r, 0), Y E I. Then by 5.7, we have modulo 
4&r 4J 
&,dGk,J = ~(%I) = &LI(%I) 
and Gi*, is mapped by GR,{ surjectively onto N,,/a,(ker a,). Let St”(R, I) 
denote the image of GX,, in St’(R, I), and yii(r) the image of pgj(y) (again an 
abuse of notation). Then St”(R, I) is the set of conjugates of yu(r), Y E I by 
y&r), Y E R, #R81 induces a surjection 
* isI : St”(R, I) +t N,,/a,(ker a,), 
and the yij(r)‘s satisfy relations 
(l) Yii(y)Yii(s> = Yiity + s), Y, s EI, 
(2) [YdY), Y&)1 = 1 if either Y or s E I and i # j # k # 1 # i; 
t3) [Ydy>, Yds>l = Yidys) if either Y or s E I and i # j # k # i; 
(4) [q, g] = 1 where q is a “Steinberg relation” among yii(y) and 
g E St”(R, I). 
But relations (l)-(4) are a defining set of relations for Milnor’s group St(R, I) 
(see Definition 3.1 ff). Th us we may identify the two groups. From the 
commutative diagram with exact columns 
1 1 
&‘@,I)------+rr,(N) = &(&I) 
1 
t N-1 
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(the left column is just 3.2) we deduce that K,(R, I) is a homomorphic image 
of K,‘(R, I), an Abelian group by 3.3 since we are assuming R has a unit. 
We have established 
THEOREM 5.8. If R has a unit, then K,(R, I) is a homomorphic image of 
Milnor’s group K,‘(R, I), and is consequently Abelian. 
It may be worthwhile observing that the natural transformation 3.4 of 
K,’ +-f K, gives rise to a commutative diagram with exact rows 
I - K,‘(R, I) --+ K,‘(R) -- K,‘(R/I) - 
I 
K,(R/I) --+ K,(R I) - K,(R) - K,(R I> 
It does notfollow, just by diagram chasing, that K,‘(R, I) + K,(R, I) is surjective, 
but we have established this as a consequence of 5.8. Observe also that if one 
could establish that K,’ g K2, i.e., that the Steinberg relations generate the 
universal relations, then it wouldfollow that K,‘(R, I) g K,(R, I). This would 
force the map K,(R, I) -+ K,(R) to be injective, and the long K-sequence would 
terminate at K, . If one could find a s@ciently vast family of rings R such that 
K,(R) = 0, i >, 2, then one could deduce as a consequence that K,(R/I) -+ K,(R, I) 
is not trivial in general. In fact, we shall prove in Section 7 that K,(LX) = 0, 
i > 2. 
6. THE CASE OF A COMMUTATIVE BANACH ALGEBRA 
Suppose R E obj G!. We define the polynomial ring R[t] on an indeterminate 
t as usual, so t is central in R[t]. Observe that there is a ring homomorphism 
l t : R[t] -+ R 
go r# -+ i ri . 
i=O 
We may think if ct has “evaluation of t at 1” although of course R has no 
unit, and write ‘9 t+ 1” by abuse of notation. 
Let T = {to, t, , t, ,...} b e an abstract set, let Rdl = R, R, = R[t,], 
and inductively R,,, = Rn[tn+J, so 
R, = Wo ,...a t,zl,l, n >, 0. 
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We make R, = {R,; 12 > -I} into an augmented semisimplicial complex 
as follows. 
Define ai z R, + R,-1) O<i<naO 
bY tj H tj ) O<j<i 
‘Vi I-+ 1” 
tj H tj-1 y  n>j>i. 
Define si : R, -+ Rz+l , O<i<n>O 
by tj H tj 9 O<j<i 
ti k-+ vi,, , 
tj ++ tj+l 9 n>j>i. 
Then it is easy to verify that R, is an augmented semisimplicial ring 
complex. 
We define now ring homomorphisms 
F,,R = F”+lR -% R,(F-,R = R + R-, = R) 
inductively as follows. 
01~~ is the identity R + R. 
Suppose cy, : F,R = Fn+lR -+ R, is defined. Then OL,+~ is the composition 
F”+zR % F(R,) % R,, 
where p,+l is defined on free generators by 1 p 1 I-% t,,+&, $ E R, . 
Observe that if x EF,R, a,(x) = p(t,, ,..., t,) E R, has the property that 
p(t0 ,-**, ti-l , 0, ti+1 ,***, tn) = 0, O<i<n. 
LEMMA 6.1. The collection 01 = {q} defines a homomorphism of augmented 
semisimplicial complexes in Uk 
or:F.+R-+R*. 
The image of CY, consists of polynomials p(t, ,..., t,,) E R, such that 
p(to ,***, t&l , 0, t,+1 )..., tn) = 0. (n >, 0) 
We may apply the functor E’ to obtain a homomorphism of augmented 
semisimplicial group complexes 
E’(a) : E%,(R) --f E’(R,). 
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Suppose now that /l is a commutative Banach algebra over [w with unit. 
Then Milnor has established that S.&&l) is a topological group with E&l) 
as the connected component of the identity. E&l) is locally contractible; 
hence, E&l) admits a universal covering group 8,&l). There is an exact 
sequence 
1 - 4%z(4) - E&l) a E,(A) - I 
where P,,, is the covering map. 
In general rr,(SL(Ll)) = limnz+m ~,(SL&l)) = limm+m 9rn(E&l)), n > 1. 
Let q L+1 be the standard n + 1 cube: 
0 la+1 = I(& ,---, tn) E w+1 1 0 < ti < l}. 
A singular n + 1 cube in a space X is a continuous map f : &+i + X and 
the set of singular n + 1 cubes is denoted X0*+1. We set 
E(#n+l = lim E&l)n~+l. 
m 
An element p E E’(n,) = EQl,) defines a singular n + 1 cube B E E(A)an+l 
(n 2 0) by 
Rn+l 3 (to ,..., tn) b, p(to ,..., t,,,) E E(A). 
Note that since p E E,(A,) for some m, 3 E E,&Q”n+~. Also if p = (Y~(X), 
x E E&&l), then 
P&l ,**-, a..., h&+1) = 1, 
so all the “front faces” of the singular n + 1 cube ~7 are constant at 1. The 
association p t+ j5 defines a homomorphism of groups 
E’(A,) + E(@+l 
and composition with E’(a,) gives a homomorphism w, 
E’Fn(4 --% E(A)‘n+l, n 3 0. 
(The group structure on &Qnn+r is obtained by multiplication of function 
values.) 
Suppose now that x E E%,(A) and 
x E 0 ker E’(Q). 
i=l 
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It follows that all faces of the singular n + 1 cube W,(X) are 1. (For the faces 
ti = 1, this is a consequence of Lemma 6.1 since E’(ol,) commutes with face 
operators.) Thus w,(x) represents an element of rr,+,(E(d)) = ~,+~(sL(d)), 
n > 0. 
Suppose now that x E E%,(A) and x = E’(E,+&), y E E’F,+,(A), where 
y E f) ker E’(ei). 
60 
Then the singular n + 1 cube w,+r y ( ) has all faces 1 except for the “back 
(n + 1) face” (recall the faces are labelled from 0 to n + 1, front and back) 
which is w,(x). Thus ~@+~(y) d fi e nes a null homotopy of w,(x). We have 
established 
THEOREM 6.2. The correspondence x -+ w,(x) induces a homomorphism of 
groups 
%* : Kl+,w = %E%*V) - ~n+lw(4)~ n 2 0. 
I want to study the case n = 0 in more detail. Because of problems with 
limits it is convenient to introduce the functor E,’ : @ -+ Gp defined like E’ 
but by using m x m matrices. This gives rise to an augmented semisimplicial 
group complex E,%,R and one has 
r,E%,R = I& r,E,‘F*(R). 
We have, as before, w,,, : 
and 
Enz’FnA % E,(A)un+l, n>O 
W n = lim w~,~. 
m 
Suppose then that x E E,%(A). Then wo,Jx) is a l-cube in E&l), in fact, 
a path in E(d) starting (for to = 0) at 1. Using the covering homotopy 
property of pm : E,(A) -+ E&l) there is a unique path G,,,(X) in E&l) 
starting at 1 (at to = 0) and covering w~,~(x). 
Suppose now that x1 E E,%(A), and y E Em’F2(A) is such that 
and 
Em’ = x 
J%‘(~Y) = xl . 
Then the singular 2-cube w&y) in E&l) has front faces 1 and back faces x 
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and x1 . Also w,,,(y) lifts uniquely to a singular 2-cube &r,,(y) in &(II) 
with front faces 1 and back faces &&,(x) and ii),&~r), respectively. Let us 
associate to x E E,%(A) the end point (t, = 1) of the path &,,Jx), viz., 
i;),&x)(l). Then C&,(x)(l) = G,,,(x,)(l) and we have established 
LEMMA 6.3. The correspondence c&,, : E,%(A) -+ Em(A) given by 
%z _ 
x - ~o.mbw> 
is a homomorphism of groups which factors through the subgroup En’(e1) 
(ker Em’. Thus th ere is a commutative diagram with exact columns 
Em’Ffl/Em’(EI)(ker Em’(q,)) - &w 
Em(A) = -%‘W 1 + GnV) 
where we have identiJied the induced homomorphism nOE,‘F.+(A) -+ QT,SL,(A) 
with c.IJ~,~* . 
LEMMA 6.4. The homomorphism E,%(A) k &(A) is surjective. Thus 
we deduce from the diagram of 6.3 that 
“o,m* : ~oEm’F*W - w%nW 
is surjective. 
Proof. Any path beginning at 1, q r -5 E(A) is (end point preserving) 
homotopic to a product of paths pi “which don’t move very far from 1.” An 
argument of [3] shows that each pi is homotopic (preserving end points) to 
a product of paths which are elementary matrices in A[t,], each starting at 1. 
The latter path is of the form OJ~,~(X), x E &%(A). 
Given any point u E Em(A), let p” be a path from 1 to u in Em(A). Then let 
481/x7/2-6 
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p = pm($) and let p be (end point preserving) homotopic to ~,,Jx), 
x E ,?&,,%@I). It follows that &Y&(X) = ijoSm(~)(l) = U. 
Passing to the limit we deduce that 
“o* = l@ Wo,m* : 7ro’oE%*(fl) = K&l) ---f TpsL(A) 
is surjective. We may summarize the results of this discussion in 
THEOREM 6.5. If A is a commutative Banach algebra over Iw with unit, 
there are epimorphisms 
$dl Gw - t K,(A) =+ 7rl(SL(A)). 
Thus Milnor’s group K,‘(A) gives an upper bound and rI(SL(A)) gives a lower 
bound for K&l). 
Remark 6.6. It is likely that w,* : Kn+s((l) ---f T~+~SL(A) is surjective 
for all n >, 0. One needs an analog of the approximation theorem of Milnor 
used in the proof of Lemma 6.4. 
Remark 6.7. Theorem 6.5 together with results of [3] can be used to 
compute Ka in many cases. An an example consider the diagram 
Gw - K,‘(W 
i 
*Z 1 *R 
G,(Z) - d-9 
%* - ?rpc3L([w) E z/22. 
Milnor shows that Ka)(Z) = Z/22, generated by 
w = (x,,(l) x,;l(l> %2(l))* E SW* 
Also, the image of w in CT~SL(~W) g Z/22 is the generator. Thus 
K,(Z) g Zj2Z 
generated by tiz(w). 
7. VANISHING OF THE GROUPS K,(LX) 
Let V be a category and let C, = (Ci , i > -1) be an augmented semi- 
simplicial complex in %. Thus there are faces ci : C, + C,+, , 0 < i < n > 0, 
and degeneracies pi : C, + C,,+i , 0 < i < n > 0, satisfying the usual 
relations. 
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DEFINITION 7.1. The complex C, is contractible if there exists a family 
ifi, i b -1) 
.f* : G -+ Cn+1 
such that 
(1) %+1fn = lc,; 
(2) %fn = fn& 3 O<i<n. 
Suppose that G is a functor from V to the category of groups. Then the 
augmented semisimplicial complex (GC, , G(Q), G(pi)} is contractible with 
contraction {G( fi)}. 
LEMMA 7.2. In this situation we have r,(GC*) = 0, n > 0, for the 
homotopy of the augmented semisimplicial complex GC, . 
Proof. Let u E GC, be such that G(+ = 1, 0 < i < n. Then 
0 = G(G+~ . G(fnN-4 
and G(Q) 9 G( f,J(u) = G( f,+.J G(+ = 1, 0 < i < n. This shows (see 
Section 1) that 7,(GC,) = 0. 
To apply this result suppose that (F, E, p) is a cotriple in %. This gives rise 
to an augmented semisimplicial complex F,X = {F,X, i > -l}, where 
F-,X = X, F,X = Fi+lX, i > 0 (compare with Section 1). 
PROPOSITION 7.3. Suppose there is a morphism fel : X -+ FX such that 
ex*fq = 1,. Then F,X is contractible with contraction ( fn , n > -I}, 
where f,, = Fn+l( fel) : F,X = FnflX + Fn+2X = F,,,X. 
Proof. The equation cr. fpl = lx is the relation (1) of Definition 7.1 
for n = -1. Relation (2) is vacuous in this case. We proceed by induction 
assuming relations (1) and (2) for the case n - 1. Then 
(1) c,+lfn = (F”+l~x) . F”+Yf-,) 
= Fn+l(ex . f-J = Fnfl(l,) = lFn+lX ; 
(2) If O<icn+l, 
ci . fn = (FicxFn+l-i) . F( f,+J 
= F(Fi-lcxFn+l-i . fspl) = F(+ . f,& 
= F(fn-2 . c-l) = F(fn-,) . Fki--1) 
= fn-l . ci . 
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Let us apply the preceding considerations to the category of rings 02 and 
the cotriple (F, E, p) constructed in Section 1. Recall that F = LO, 
0 
GfT L Set 
when 0 is the forgetful functor and LX is the free ring without unit on set X. 
Then recall that the morphism 
gives rise to a morphism 
L([,) : LX -+ (LO)(LX) = F(LX) 
for a set X. In terms of free generators X for LX, L(&‘,) may be described by 
It is clear that l LX . L(&) = 1,. It follows from Proposition 7.3 that F,(LX) 
is contractible. Applying 7.2, we have proved 
THEOREM 7.4. Kn+2(LX) E ST,(E%*(LX)) = 0 for all n > 0. 
Let R be any ring. Then Ed : FR = L(OR) -+ R is a surjective homomor- 
phism. Combining Theorem 7.4 with Corollary 2.5 we deduce the following 
result. 
COROLLARY 7.5. Kn+1(R) = K,(FR, ker eR) for 12 > 2. 
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Added in proof. Since this paper was written, there have been a number of new 
developments in the subject. R. G. Swan (Some relations between higher K-functors, 
to appear) has established that the K-theory proposed in this article and that of [6] 
are equivalent, provided one replaces the functor E’ by Gl systematically throughout 
this article. Using a recent result of J. R. Silvester (On K,(k[x]), to appear) Swan also 
establishes that all the proposed candidates for K2 of a field are equivalent. 
We should remark that if G = {Gi , i > -1) is an augmented simplicial group, 
then our notation n,(G) (see lemma 1.2) is non-standard. If we set G’ = {Gi , i > 0} 
and let G” be the constant simplicial group with (G”)n = G-, for all n > 0, then the 
face operator as defines a morphism a : G’ + G” of simplicial groups. If we let 
K = ker a, then we have a<(G) = ai( i > 0, where now the notation n<(K) is 
standard (see [2]). 
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In remark 6.6 one should replace “likely” by “unlikely”. Nevertheless, the map w,* 
seems interesting even in the cases d = [w or @. 
It is evident from this paper, especially from theorem 5.8, that the relative group 
K,‘(R, I) is the wrong one for a K-theory. A general construction of relative groups 
has been given by M. R. Stein (Relativizing functors on rings and algebraic K-theory, 
to appear) and Stein’s candidate for K,(R, 1) does not have the shortcomings of 
K,‘(R 0 
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